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Abstract 
Wave dynamics of stratified medium (ocean, atmosphere) is highly dependent on bottom topography. The exact analytical 
solution is obtained only if the water distribution density and bottom shape described by some model functions. When the 
characteristics of the medium and the boundaries are arbitrary and can be built only numerical solutions of such problems. 
However, numerical solutions are not qualitatively analyze the characteristics of the wave of the fields. The need for a 
qualitative analysis of the far field of internal waves arise in the study of internal waves remote methods by means of 
aerospace-parameter radar. Then the description and analysis of wave dynamics can be made only on the basis of the 
asymptotic models. In this paper uniform asymptotic forms of the far field of internal gravity waves which propagate in strati-
fied medium with a smoothly varying bottom are constructed. The solution is proposed in terms of wave modes, propagating 
independently in the adiabatic approximation, and described as a power series of a small parameter characterizing the strati-
fied medium. The effect of the space frequency “blockage” of the wave fields is characteristic of the real oceanic shelf. De-
pending on the frequency characteristics of the wave field and bottom topography, far internal gravity waves are either local-
ized in some limited spatial domain (captured waves) or propagated over long distance (progressive waves). The spatial do-
main, where progressive waves propagate depends on ocean stratification and bottom topography. 
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1. Introduction 
The internal gravity waves are the oscillations of a stratified medium in the gravity force field. The stratified 
medium is such a medium where the density increases with the depth. Suppose that a volume element of the me-
dium is not at the equilibrium, for example it could be displaced upward, then it will be heavier than the sur-
rounding medium and therefore Archimedean forces will make it move back to the equilibrium. The essential pa-
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rameter of any oscillating system is the frequency. It is determined by the correlation of two factors: returning 
forces which return the perturbed system towards its equilibrium and the inertial forces. For the internal gravity 
waves the returning forces are proportional to the vertical gradient of the fluid’s density and the inertial ones are 
proportional to the density itself. For the characteristic frequency of the gravity waves oscillations we have the 
following expression: 2 ( ) ln ( ) /N z gd z dz . This frequency is usually called by the Brunt-Vaisala fre-
quency or the buoyancy frequency. Here ( )z  is the density considered as a function of the depth z , g  is the 
acceleration in the gravity force field, the sign “–” originates from the increase of the density with the depth and 
therefore ( ) / 0d z dz . The exact solutions of the essential equations describing the internal gravity waves 
are only obtained for special cases. That is the reason why the approximate asymptotical methods are systemati-
cally used for the investigation of the internal gravity wave fields in stratified ocean. The internal gravity waves 
are usually represented in the following integral form: exp ( ) ( ) , 1J f F d , where ( )f  
and ( )F  are analytic functions of the complex variable ;  is a contour of integration on the complex plane 
. The universal way to construct the asymptotic forms of such integrals is the method of etalon integrals [1 – 
4]. 
This paper is devoted to the description of a generalization of the geometrical optics method (WKBJ method), 
i.e. we discuss the spatio-temporal ray method of etalon functions. This method allows one to solve the problem 
of asymptotic modeling of the inharmonic wave packet’s dynamics for the internal gravity waves in stratified 
media with slowly varying parameters. The main reasons to use the ray methods are the following: the ray repre-
sentations are well correlated with the intuition and with the empirical material for the propagation of the internal 
gravity waves in natural stratified media (ocean, atmosphere). These methods are universal and very often one 
can use only them for the approximate computations of the wave fields in slowly changing non-homogeneous 
stratified media [3, 5]. 
The horizontal non-homogeneity and non-stationarity are crucial for the propagation of the internal gravity 
waves in natural stratified media (such as the ocean and the atmosphere). To the most typical horizontal inho-
mogeneities of the real ocean we relate the change in the ocean bottom shape, the inhomogeneity of the density 
field and the variance of the mean currents. The exact solution of the problem, for example by means of separat-
ing of variables, can only be obtained when the density distribution and the ocean bottom shape are described by 
the simple model functions. For the arbitrary stratification and the arbitrary ocean bottom topography it is only 
possible to construct the asymptotic representations of the solutions [1, 2]. 
However, if the depth or the ocean and its density vary slowly in comparison with the characteristic length 
(period) of the internal gravity waves, which takes place in the real ocean, then one can use the spatio-temporal 
ray method (the geometrical optics method, WKBJ method) and its generalizations to investigate the mathemati-
cally modeled dynamics of the internal gravity waves. In [1, 2] the asymptotic forms of the internal gravity waves 
far field were obtained for the case of the constant depth. It was also shown that the far field is equal to the sum 
of modes, each of the modes being confined within its Mach cone. One can represent the asymptotic form of each 
mode via the Airy functions (the Airy wave) or the Fresnel integrals (the Fresnel wave). 
One can solve the problem using the modified spatio-temporal ray method (the geometrical optics method) 
proposed above. This is the method of etalon functions. Its distinguishing feature is that in order to investigate the 
evolution of non-harmonic wave packets in stratified non-stationary horizontally non-homogeneous media one 
seeks for the solution in form of rational powers series with respect to the small parameter. The powers depend 
on the form of representation for the wave packet. The form of representation is determined by the asymptotic 
behavior of the solution in the stationary horizontally homogeneous case. The phase of the wave packet can be 
obtained from the corresponding eikonal equation, which can be solved numerically on the characteristics (rays). 
The amplitude of the wave packet can be found from a conservation law along the characteristics (rays) [3, 5 – 
7]. 
The slowness condition of the change in parameters of the medium in time and along the horizontal is crucial 
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for applying the geometrical optics methods. The slowness is considered in comparison with the characteristic 
lengths and periods of internal gravity waves. However, these conditions are not sufficient for the geometrical 
optics methods to be valid. It is clear that for the estimates of the accuracy of the geometrical optics method one 
has to use the results obtained by a more precise approach than that of the spatio-temporal ray method. However 
because of the serious mathematical difficulties it is not yet possible. For the investigation of the dynamics of in-
harmonic internal gravity wave packets in stratified non-homogeneous and non-stationary media we have at hand 
the analytic methods which are limited and do not allow one to estimate the accuracy of the geometrical optics 
method for the real media. In the general case there are no exact solutions, and the known rigorous solutions just 
indicate a possible value of inaccuracy for typical cases. The same results for the value of inaccuracy of the spa-
tio-temporal ray method can be obtained comparing the asymptotic results with the approximate, but more gen-
eral than that of the ray method, solutions of the basic wave problems. Therefore the validity of the spatio-
temporal method and of its results follows from the comparison of the results with the data of natural experiments 
[1 – 4, 8]. 
In the study of internal gravity wave packets in stratified media with slowly varying parameters it is usually 
supposed that the packet is locally harmonic. In contrast to the most of the works devoted to the subject the modi-
fied geometrical optics method of etalon functions elaborated here and its modifications in form of decomposi-
tion into some special functions gives an opportunity to describe the structure of the wave fields near and far 
from wave fronts.By using one of the modifications of the geometrical optics method solves the problem of con-
struction of the uniform asymptotic form for the far field in case of the smoothly varying bottom. This is done 
with the use of the asymptotic representations of the wave field for the large distances from the source in case of 
the constant bottom topography. We call such modification “vertical modes – horizontal rays”. In this method 
one does not suppose that there is slowness in the vertical direction. The solutions are represented as an expan-
sion in waves of the special form, the Airy waves, and describe not only the evolution of the non-harmonic wave 
packets when they propagate above the slowly transforming ocean bottom but also the structure of the wave field 
of each particular mode either close or far from the wave fronts of the modes. The argument of each Airy wave is 
determined by the solution of the corresponding eikonal equation. The amplitude of the wave field is obtained 
from the energy conservation law along the ray tube. The exact analytical expressions for the rays are obtained 
and the features of the phase structure for the wave field are analyzed for model forms of the stratification and the 
bottom shape, describing the typical structure of the ocean shelf. Using asymptotic methods, one can consider a 
wide class of interesting physical problems, including problems concerning the propagation of non-harmonic 
wave packets of internal gravity waves in diverse non-homogeneous stratified media under the assumption that 
the modification of the parameters of a vertically stratified medium are slow in the horizontal direction. From the 
general point of view, problems of this kind can be studied in the framework of a combination of the adiabatic 
and semi-classical approximations or by using close approach, for example, ray expansions. In particular, the as-
ymptotic solutions of diverse dynamical problems can be described by using the Maslov canonical operator, 
which determines the asymptotic behavior of the solution, including the case of neighborhoods of singular sets 
composed of focal points, caustics, etc. The specific form of the wave packet can be finally expressed by using 
some special functions, slay, in terms of oscillating exponentials, Airy function, Fresnel integral, Pearcey-type 
integral, etc. The above approaches are quite general and, in principle, enable one to solve a broad spectrum of 
problems from the mathematical point of view; however, the problem of their practical applications and, in par-
ticular, of the visualization of the corresponding asymptotic formulas based on the Maslov canonical operator is 
still far from completion, and in some specific problems to find the asymptotic behavior whose computer realiza-
tion using software of Mathematica type is rather simple [1, 2, 6, 7]. 
2. Problem formulation 
In this study we consider a non-viscous incompressible nonhomogeneous medium. If it is unperturbed, we de-
note its density by ( )z  (the stratification is supposed to be stable, i.e. / 0z , the axis z  is directed 
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downward from the medium surface). The system of the hydrodynamic equations takes the following form [1 – 
4] 
div 0U  
0 grad 0pt




where 1 2( , , )u u wU  is the velocity vector, (0,0, )gG is the gravitation acceleration vector, p  and  
are the deviations of the pressure and the density from their equilibrium values. We consider a stratified medium 
with density 0( )z , bounded in unperturbed state by the surface 0z  and bottom ( )z H y , with its 
depth depending solely on one horizontal variable y . 
3. Exact and asymptotic solutions 





g d zN z const
z dz
, time law exp( )i t  and the dependence of x  in the form of 
exp( )ilx  in the Boussinesq approximation we shall obtain the following linearized about the quiescent state 
equation for the vertical components of velocity ( , )( exp( ) ( , ))W z y w i t ilx W z y  (omitting the mul-
tiplier exp( )ilx ) 
2 2 2 22 2
2
22 22 2 2
0W N W N Wl
yz
   (2) 
As the boundary conditions we take the “rigid lid” condition at 0z  and no-fluid-loss condition at the bot-
tom: 0W  at 0z , 2
( ) 0dH yW udy
 at ( )z H y  where 2( , )Wu  – velocity components. With 
relation to the function ( )H y  we assume as follows: ( )H y  is the continuously differentiable function with no 
more than a single minimum. The continuity variation ( )H y  means that the relationship between the horizontal 
scale L  of variation ( )H y  and the vertical scale M  is defined by the value / 1L M . In non-
dimensional variables / , / ;x x L y y L / , ( ) ( ) / ;z z M h y H y M  
, /l lM N  the equation (2) and the boundary conditions are re-written as follows (the sign * is 
further-on omitted) 
22 2
22 2 22 2 2
1 0W W l W
b byz
 (3) 
0W , at 0z  2
( ) 0dh yW udy





Below we substitute the boundary condition at the bottom with large  by 0W  at ( )z h y . We shall 
seek the asymptotic solution of the problem (3) in the form typical for the geometric optics (WKBJ) method 
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2
0 1 2( , , ) ( , , ) ( , , ) ... exp( ( , ))
i iW F z y F z y F z y i S y    (4) 
where ( , , ) 0mF z y  at 0z  and at ( )z h y , 0,1,2,...m  Substituting the solution for 




0F S l F
bz
, 0 0F  at 0z  and at ( )z h y  (5) 
2 22
1
1 0 02 22 2
1 2F S l F F S F S
b cz
, 1 0F  at 0z  and at ( )z h y  
where prime marks without indexes denote the derivatives over y . The solution of the first equation from (5) 
(the Sturm-Liouville problem) provides for the mode structure solution: the dispersion relationships 
2 2 2
2
2( , ) ( )n
b ny
h y
, 1,2,...n  and the eigenfunctions in a zero-order approximation (vertical modes) 
0 0( , , ) ( , )sin( / ( ))n nF z y A y n z h y , 1,2,...n . The eikonal ( , )nS y  is defined from the rela-
tionship 2 2 2( , ) ( , )n ny S y l . To find the amplitude 0 ( , )nA y  we use the resolvability condition for 
the second equation from (5), which requires the orthogonality of the equation’s right member and of the function 
0nF . By multiplying at fixed n  this equation by 0nF  and integrating over z  from 0 to ( )h y , we obtain the fol-





( , , ) ( , ) 0
h y
nF z y dzS yy
 
By integrating the eigenfunction and considering the equation for the eikonal we finally get 
0 0






b n h y l
 
where the variable 0nB  depends on  and the initial eikonal value at any point 0 0, ( , )ny S y . The eikonal 
( , )nS y  shall be defined as 




S y y l dy  
where y  is the “turning point”, i.e. the root of equation 2 2( , )n y l . Then W BJ solution for a separate 
wave mode is given as follows 
2 2 2 2 24
( , ) exp( ( , ) )sin
( )( )
n n
D n zW z y i S y
h yb n h y l
, exp( / 4)
2
D i  
where plus-sign corresponds to an “incident” wave, and the minus-sign corresponds to a reflected wave. A geo-
metric solution is not working near the turning point (the amplitude 0nA  tends to infinity).The solution’s uniform 
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asymptotics for a individual wave mode applicable at the turning point is expressed by the Airy function and is 
given in the form 
1 6
2 3
1 2 2 2 2 2 24
32 ( , )
32 Ai ( , ) sin




n zW S y
h yb n h y l
 
where Ai( )x  is the Airy function. The complete solution in the WKBJ approximation for a single mode before 
the turning point (i.e. within the “wave region”) appears to be 
1 2 2 2 2 2 24
2 cos ( , ) sin
4 ( )( )
n n
n zW S y
h yb n h y l
  
and beyond the turning point (in the region of exponential fading) 
1 2 2 2 2 2 24
exp( ( , ) ) sin
( )( )
n n
n zW S y
h yb n h y l
   
For a linear bottom profile this problem we solved analytically. The solution for an individual wave mode is 
given by the Macdonald function K  of imaginary index as follows 
2
2 2
2exp( ) sin ln2 lnn
z n by zW i K l y
b by z












, is the bottom’s inclination, ( )h y y . 
4. Numerical results and discussion 
The figures show the results of internal gravity wave vertical velocity calculations for two non-linear stratified 
medium bottom shape. Numerical calculations show that the two types of existent waves: captured waves and 
progressive waves. In fig.1,2 results of a function 1( , )W y z , and 2 ( , )W y z calculations are presented. In fig.3,4 
results of a function 2 ( , )W y z  calculations are presented. The stratified medium bottom shapes are shown in 
figures. The effect of spatial-frequency “blocking” of the wave field was revealed. Depending on the wave and 
bottom shape the far internal waves field can be localized in a bounded region of space (captured waves), or 
spread, in the absence of turning points, over a large distance compared to the medium depth (progressive 
waves). The region, which progressive wave can penetrate, is completely determined by the presence of turning 
points, whose locations depend on the medium stratification and bottom topography. In this paper asymptotic and 
exact representations of solutions was obtained that describe the far field of internal gravity waves in a stratified 
mediums of variable depth. Using developed asymptotic methods, one can consider a wide class of interesting 
physical problems, including problems concerning the propagation of internal gravity wave packets in non-
homogeneous stratified media under the assumption that the modification of the parameters of a vertically strati-
fied medium are slow in the horizontal direction. Numerical analyses that are performed using typical ocean pa-
rameters reveal that actual dynamics of the internal gravity waves are strongly influenced by horizontal non-
homogeneity of the ocean bottom. 
In this paper the most difficult question is considered that can appear when we investigate the problems of 
wave theory with the help of geometrical optics methods and its modifications. And the main question consists in 
finding of asymptotic solution near special curve (or surface), which is called caustic. It is well known, that caus-
235 Yury Vladimirov and Vitaly Bulatov /  Procedia IUTAM  8 ( 2013 )  229 – 237 
tic is an envelope of a family of rays, and asymptotic solution is obtained along these rays. Asymptotic represen-
tation of the field describe qualitative change of the wave field, and that is description of the field, when we cross 
the area of “light”, where wave field exists, and come in the area of “shadow”, where we consider wave field to 
be rather small. Each point of the caustic corresponds to a specified ray, and that ray is tangent at this point. It is a 
general rule that caustic of a family of rays single out an area in space, so that rays of that family cannot appear in 
the marked area. There is also another area, and each point of that area has two rays that pass through this point. 
One of those rays has already passed this point, and another is going to pass the point. Formal approximation of 
geometrical optics or WKBJ approximation cannot be applied near the caustic, that is because rays merge to-
gether in that area, after they were reflected by caustic. 
If we want to find wave field near the caustic, then it is necessary to use special approximation of the solution, 
and in the paper a modified ray method is proposed in order to build uniform asymptotic expansion of integral 
forms of the internal gravity wave field. After the rays are reflected by the caustic, there appears a phase shift. It 
is clear that the phase shift can only happen in the area where methods of geometrical optics, which were used in 
previous sections, can’t be applied. If the rays touch the caustic several times, then additional phase shifts will be 
added. Phase shift, which was created by the caustic, is rather small in comparison with the change in phase 
along the ray, but this shift can considerably affect interference pattern of the wave field. In this paper we use an 
analytical approach, which avoids the numerical calculation widely used in analysis of internal gravity wave dy-
namics in stratified mediums. 
Asymptotic solutions, which are obtained in this paper, can be of significant importance for engineering appli-
cations, since the method of geometrical optics, which we modified in order to calculate the wave field near caus-
tic, makes it possible to describe different wave fields in a rather wide class of other problems. 
 
 
Fig. 1. Internal gravity first mode for infinitely descending bottom profile 
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Fig. 2. Internal gravity second mode for infinitely descending bottom profile 
 
Fig. 3. Internal gravity captured waves (second mode) over hill 
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Fig. 4. Internal gravity progressive waves (second mode) over hill 
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